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Résumé, — Nous présentons un cadre théorique général pour I'étude des processus d’optique non-
linéaire relatifs 4 un ensemble d’atomes accélérés. Nous montrons 'équivalence de différentes appro-
ches grace & des changements de systéme de référence. Cette équivalence est manifeste dans le cadre
d’un formalisme covariant qui est briévement exposé. Le choix du systéme de référence dans lequel
les atomes ne sont pas accélérés, mais ol le contenu spectral de la lumiére et le terme de pompage
atomique sont modifiés en conséquence, conduit aux calculs les plus simples. Ce choix permet I'uti-
lisation des diagrammes de matrice densité habituels ainsi que des régles diagrammatiques associées.
Des exemples sont explicitement calculés dans le cas d’une onde de gravitation sinusoidale. Finale-
ment, on présente une bréve discussion du rapport signal sur bruit des raies latérales induites par les
ondes de gravitation sur les résonances de saturation.

Abstract. — We present a general framework in which non-linear optical phenomena for an ensemble
of accelerated atoms can be studied. We show the equivalence of various approaches through frame
transformations. This equivalence is understood within the context of a covariant formalism which
is briefly sketched. The choice of the frame, in which the atoms are not accelerated but where the
light spectrum and the atomic source term are correspondingly modified, leads to the simplest
calculation. It enables one to use the usual density matrix diagrams and associated rules. Explicit
examples are given in the case of a sinusoidal gravitational wave. Finally a brief discussion of the
signal-to-noise ratio of the sidebands induced by gravitational waves on saturation resonances is
outlined.
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It has been suggested that the non-linear response of an ensemble of independent two-level
atoms (or molecules) submitted to a strong monochromatic electromagnetic wave at w,, and
probed by a second collinear wave at o, could be a sensitive detector of gravitational waves [1].

The Einstein equivalence principle suggests various quasi-Newtonian approaches to this
problem which use different frames of reference. For instance one can choose a frame in which
the laser is at rest and the atoms are accelerated or conversely a frame in which the atoms are
not accelerated but where the laser is accelerated which yields a Doppler shift of its frequency.
However these various approaches did not seem to agree on the expected orders of magnitude
of the effect [2].

Our goal has been to check these various calculations, to reconcile the points of view and to
provide a general framework to treat non-linear optical phenomena in the presence of a gravi-
tational field.

If one interprets the gravitational field within the context of Newtonian physics (as generating
an acceleration a(x, v, 7)), the following equation can be shown to hold, both for the Wigner
function and for the density matrix operator when the motion is treated classically [3] (quantum
recoil effects can be incorporated following [4]) :

d . 1
[E + v.V+ a.Vv] Pap(X, ¥, 1) = Ag(X, ¥, 1) — (i3 + V,p) Pup + 7 zy:[Va[y Pog = Pay Vgl

1
where o, B, y ... denote internal energy states.
One can use a Liouville space notation for the internal degrees of freedom, then p,, appears
as a vector | p(x, v, 1) > :

2
[E+V.V+3.Vv:||p> —A>—ilog+ iR |p>—ilylp>. )

In these equations v is the velocity ; the pumping source is represented by 4,, in equation 1 and
by | A » in equation 2; L, is the internal Liouvillian with eigenvalues w,,;; R is a relaxation
super-operator with eigenvalues — 7,5 The coupling between the dipole moment operator p
and the electric field of the lasers & is taken into account through the last terms of equations 1
and 2 where V 4(x, 1) = — p4.8(x, 0).

The formal solution of equations 1 or 2 can be written as :

T t
|px, v, ) » = f dtoﬁexp{ - J (Lo — R+ iL,, +v.V +aV)dr } | Ax, v, 15) >
K t

0

()
where T denotes the chronological product.
Using the definition of B [5] we rewrite (3) as an integral equation :
t
|p() > = | p 1) > - if de’ e, 1) L, () | p(2) > @)
where Az, ¢') is the evolution operator :
T
Uz, ') = Bexp { - j (L, — R+ v.V+ a.V)d } &)
v

and where | p'© » is the density operator in the absence of laser fields.
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The interest of equation 4 in quantum optics calculations is that it can easily be iterated from
| p© % to obtain the non-linear response to any desired order in the strength of the electromagne-
tic field. The only difficulty here comes from the non-commuting character of thé v.V and 2.V,
operators in (5). Two methods can be used :

a) The solution can be expanded in a perturbation series with respect to a. For this purpose
we proceed as before with the chronological product :

| o » = [0 » - J dryexp { — (Lo — R+ v.V) (t — 1)) } x

x [a(t)).V, + iL, ()] lP(’1) » (6)

where | p'°? % is the density operator in the absence of both electromagnetic and gravitational
fields from which equation 6 can be iterated to any order with respect to both fields. This is
the basis of the calculation of references [1, 6]. It has the disadvantage to require an additional
vertex of interaction (with the gravitational field) in the density matrix diagrams [6] and the
calculations are rather cumbersome.

b) When a can be considered as independent of space in the atomic propagator (excellent
approximation which is also used in the previous calculation) the operator WL can be rigou-
rously expressed by a second-order Magnus expansion [7] as the product of space and velocity
translation operators :

U, ) =exp{ — (L, — R+ Vv.V)(1 = 1)} x
X exp{ J de,(t; — ) at).v }exp { — J dr, a(tl).Vv} (7

from which we obtain the integral equation :

+ o

px,v,0)» = — i J dr e @~ R
0
X [Lix — Ax,t — 1) [ p(Xx — AX,V— AV, 1 — 1) D + i|AX — Ax,v — Av,t — 1) »] (8)
with
Ax = vt — f dtoa(t) (¢, — t + 1), Av= J de, a(t,). ©)

-1

Density matrix diagrams comprising only electromagnetic vertices can be drawn as in [4] with
the previous rules for assigning space-time coordinates to successive vertices. (These diagrams
have been used successfully to compute the linear and 3-order response.)

Equation 8 can also be obtained as the integral form of an equation, identical to (2) but with
a = 0, followed by a change of independent variables :

0
(6_1’ + v’.V’> | P, Vv, 1) = | A,V 1)) —

— i(Ly + IR) | P,V ) ) — il (x, 1) | p (X, v, 1) D (10)
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with
t’ 181 t
x=Xx,v,t) =x + J dt, J de, a(ty)) = x' + J de (¢ — t))a(ty),
0 0 0
=T, v, 1) =1, (11)
"
v=VX,v,t)=v + J a(t,) dt,
0
and
P, V. 1) D = | px, v, 1) (12)
L;ﬂl(x,’ t,) = Lint(x’ t) = Linl(X(X,’ vl’ [,)’ T(x,7 v,’ [I)) (13)

| AV, YD = | A, v, 1) ) = | AXK, ¥, 1), VX, ¥, 1), TX, v, 1) ). (14)

Since it is clear from equation 11 that the phase space element is preserved, equation 10 corres-
ponds physically to a description in an accelerated frame of reference in which the atom undergoes
no acceleration and where the effect of gravitation comes in, as a modulation of the laser field
in (13) and as a suitable modification of the pumping operator (14).

The previous analysis suggests three comments :

1) The consistency of the two Newtonian-like approaches to the problem is most clearly
understood within the context of a covariant formalism in which the following replacement
rules are applied :

0 )
E+v.V+a.Vv—>u“6u—F:wu” "aiui; o,n=20/1273

i=1273 (15)
Vi — tgel F oy

where u* is the 4-velocity, I',, = 36" { 9,00 + Goc, — 9ps,. } IS the connection, £, the Maxwell
tensor and e£ a tetrad which is equal to 67 in the rest frame of the atom before the arrival of
the gravitational wave and which undergoes a parallel transport when the gravitational wave
is present.

2) Calculations are much simpler to perform in a frame where the atom is in uniform motion
or at rest and where the light spectrum is correspondingly modified. Then usual diagrammatic
rules can be applied [4].

3) One should be very careful in specifying the boundary condition implicit in the pumping
operator since a Maxwell-Boltzmann distribution or an ideal molecular beam are not invariant
concepts in a frame transformation such as (11). This last point is at the origin of past discre-
pancies between various calculations.

As the first example we consider the linear absorption term described by diagram 1 with an
acceleration a corresponding to a monochromatic gravitational wave of amplitude 4 and cir-
cular frequency &. The component of a along the optical z-axis will be written as :

(B)2) zE2 cos £t (16)
where z is the distance between the laser and the atom to be considered (*). If the atomic source

(}) This acceleration is specified in a Fermi reference system where the laser is in free fall (i.e. properly
suspended !).
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term is :
V) =1, 6(v — v,) (17)

(ideal beam in a frame where the atom is not accelerated) the change in power absorbed per
unit volume from the probe beam averages in time to zero except when w, = 0, + & When
w, =w; — ¢ we find :

dv 2
X ([Vpa + Hy, + 0 — yo; + KV ™! = [y, + iy, + 6 + & — yoo, + k.v)™H} (18)

dw 4
—— = h'co2<;—“> Q, 2, "2 Re (i cior-on

where the 1rst term comes from the polarization created by the carrier at w, heterodyned by the
probe side band at @, + ¢ and where the 2nd term comes from the polarization created by the
pump side band at w, — £ heterodyned by the probe carrier at w,. In this expression 2, and
Q, are Rabi frequencies, ¢, and ¢, field phases; the recoil shift § =#k?/2 M and y =(1 — v?/c?)~ /2
have been introduced as in reference 4.

For w, tuned to resonance we obtain :

%__ h_kz }ﬂ ra 92><912 T1> ¢ i(@2—¢1)
-~ (3RO ] o

where we have introduced T, = % (yl + -;—) relaxation time for energy in order to display
a b

factors having an obvious physical interpretation :

ho, (r
T_2 <—“> is the maximum rate at which energy can be exchanged with the thermal bath.
1 a

QT .
( ; 1) is an excitation efficiency (one fourth of the saturation parameter S) which may
ba

reach values of ~ 1 beyond which the absorption gets strongly saturated.
Q,/Q, is a heterodyne factor which for the same reason cannot be larger than one.

The last factor is proportional to ¢ for small values of ¢ (f— cos (¢, — (p1)> and it can be
ba

of the order of 1 for & > y,.

dW,/dV is thus at best of the order of the usual absorbed power times the modulation index
hkz/2.

Expression 18 averaged over a Maxwell-Boltzmann distribution of the velocities v, (cell case)

gives :
dw, hkz\ [ Ao, (r, )\ (LT, (V) (€
7= -2 [ 3)] @) (50) () (@) -on

where ku is the Doppler width (u = /2 k; T/M is the most probable velocity of atoms).
Comparing (20) and (19) we discover that two new factors have appeared :

Vsa/ ku is the fraction of atoms used in the velocity distribution along the optical axis (relative
width of the hole burnt in this velocity distribution [8]).

¢/ku appears because the modulation frequency is, in this case, much smaller than the Doppler
line width ku.

Since these two factors are very small, the signal is, in this case, much smaller than in the beam
case.
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Since authors of reference 1 considered a Maxwell-Boltzmann distribution in a frame where
the atom is accelerated we shall consider this case now and start with the ideal beam condition :

Ag =1, 0(Y — vg) ¥2))

which yields a time dependent velocity distribution in the « primed frame ».
This results in an additional term for dW,/dV which is :

ho <r_") Q.0 (hkz> Re |:ei(¢z—w1) { Yo, ¢ }}
2y, 2N 2 Yo + 1 [V + iy, + 0 + & — 0, + kv) P J |
(22)

After averaging the overall result over the Maxwell-Boltzmann distribution we find in this case :

dw, hkz\ [hw, (r, N\ (QETN (1) [ ¢ it ei@s=o1) ,
== 27) [ () (&) () () ()5

which is identical to the result of reference 1 apart from a constant factor but which differs from
(20) in general. If ¢ > y,, the two results are identical since then the equilibrium population
cannot follow the changes in the velocity distribution in the « primed frame » and the additional
term does not contribute.

As the second example we consider the non-linear term corresponding to diagram 2 with :

ip=r,F(¥v) and o, =w, +¢&.

This diagram is calculated as in [4] and for a Maxwellian velocity distribution we find :

aw, hkz\ | ko, (1, DN\ (U TV (V6 ;o= ilp2—01)
v -2ﬁ<7>[f<z)] () (i) () e

x%ﬂj@?w?ﬁ‘f@?m+i@%)"ﬂ2%f+fﬁb+ﬁ)+ﬂzna+zﬁﬁb+ﬁﬂ}

24

where f(x, y) = 1/xy in the case of plane waves but may be a more complicated line shape such
as those calculated in references 3 and 4 to include the effect of transit-broadening in a Gaussian
beam (see equation (105) of Ref 3) or Ramsey fringes.

The above result is consistent with that of references 1, 6 and 10. To prove the identity with that
of reference 1 (except for a constant factor) we used a term by term identification which was
made possible thanks to the above (b) procedure. The following identity found in this process
can be used to show the equivalence of the two results :

1 1 1 ] 1 1 1
- + —— 4 - —— —- _ =
296 2V T vy 29 + Iy + 6 2y, + 208y, +

o 1 1 1
‘@m+@{nwﬁwm+@+m+@am+ud'm’

The expression 24 was obtained by a much simpler calculation with all the advantages of the
diagrammatic techniques already developed for high resolution non-linear spectroscopy. Further-
more each term has a simple physical interpretation and corresponds to a different choice of
each one of the four vertices for the interaction with the gravitation-induced sideband of the
laser light.
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The result (24) is independent of the frame in which F(v) is assumed. This is because the light
beam performs its own velocity selection through the inhomogeneous saturation process (hole
burning) independently of the equilibrium velocity distribution as long as the width of this
distribution is large compared to y,,/k (infinite Doppler width approximation). The compari-
son with the ideal beam case (formula 19) shows that for a saturation parameter close to unity
the only loss in signal comes from the factor y,,/ku which expresses the fact that the formation
rate r, is relative to the overall Maxwell-Boltzmann distribution and that only the small fraction
of atoms corresponding to the hole burnt in velocity space can be used. The comparison with
linear spectroscopy in the cell case shows that the factor {/ku has disappeared. The saturation
method is therefore completely equivalent to an experiment performed with a beam.

Let us finally give a brief discussion of the sensitivity of the method. The signal-to-noise ratio
corresponding to shot-noise-limited optical detection is limited by saturation (S = 1) or by the
n-pulse condition [9] to the maximum value : C(2 7)!/? (wo/4) (115/ T4 T,)'/* in the collision
regime or &% C(2 n)*'? (u/4) (r1g)** in the free-flight regime where C is the signal contrast
(ideally 1 in a pure optical experiment and hkL in our case (?)); n is the detector efficiency, w,
the beam waist radius, t the integration time, 7, the reciprocal of the Einstein 4 coefficient for
the considered two-level system, T, and T, the relaxation times for energy and for the optical
coherence (T, = 1/y,,).

(1) (2)

(¥ L is the distance between the laser and the centre of the cell (i.e. the spatial average value of z).
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This signal-to-noise ratio can be at best of the order of 10° kL for t = 1 s (with u/4 ~ 10° Hz
in the visible and n* 1, ~ 15). For kL ~ 10'? (L ~ 100 km), this would correspond.to
hmin. ~ 10_21'

As a conclusion we ‘emphasize the fact that the results obtained yield a covariant consistent
picture of non-linear optics in a gravitational field and provide a tool for studying accelerated
atomic systems within the frame-work of Newtonian physics.
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