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Abstract. The beam splitting process of an atomic beam is described by an exactly solvable theo-
ry. We use exact plane wave solutions of an atomic two-level system interacting with laser beams
and employ appropriate jump conditions between regions with and without laser beam. The trans-
mission matrix as well as the reflection matrix are given explicitely. Also, the conditions for atom
optical analogues of the Borrmann effect and of the pendelloÈsung effect are treated exactly. The
high-energy limit of these phenomena is discussed which is sufficient for many practical purposes.

Keywords: Atomic interferometry; Atom-laser interaction; Beam splitter; Atom optics

1 Introduction

Atomic and molecular interferometry [1, 2, 3, 4, 5] proved to be very successful
tools in probing the interaction of quantum objects with externals fields, e.g. with
gravitational acceleration or rotation. These experiments are based on the theoreti-
cal framework developed in [6], for a review see [7]. The main part of such a
device is the beam splitter. In order to give a correct interpretation of the experi-
mental results it is necessary to give an appropriate description of the beam split-
ting process.

There are two versions of atomic beam splitters and correspondingly two ver-
sions of atom interferometers: the first uses a stationary interaction geometry with
time-independent laser beams while the second uses laser pulses. The first case cor-
responds to a stationary, the second case to a time-dependent quantum mechanical
problem. The latter problem has an exact solution, even in the case of an additional
gravitational field [8, 9]. The purpose of this paper is to give an exact quantum
mechanical description of the beam splitting process in the stationary case.

In doing so, we treat this problem as the scattering of an atomic beam by a
periodic potential which is given by the laser beam. We proceed in the same gen-
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eral manner as in usual calculations of the transmission and reflection of a plane
wave by a potential barrier. However, in our case the problem is more compli-
cated due to the two-level structure of the quantum state and the periodic struc-
ture of the scattering potential. The transmitted as well as the reflected atoms are,
in general, found to be in a superposition of the excited and ground state even if
they are, for example, only in the ground state in front of the laser beam. Since
the atoms in the excited state are always possessing a different momentum than
those in the ground state, the proccess of both transmission and reflection can be
used as a device to split the atomic beam in a coherent way. These calculations can
be applied to an exact description of an interferometer with stationary interaction
geometry.

We assume that the periodic potential has a rectangular envelope or profile, see
Fig. 1. In other words, the potential is bound by two parallel planes S and S0

possessing antiparallel normals n and n0 and has a constant amplitude between
these two surfaces. We calculate the intensities of the transmitted and reflected
beams as functions of the incoming beam.

In order to describe the beam splitters in the spatial interaction geometry, we
use the stationary two-level SchroÈ dinger equation in a rotating frame

Ew�x� � bp2

2m
ÿ 1

2
�hws3 �Hatom �Hdip�x�

� �
w�x� : �1�

Here s3 is the third Pauli matrix, and

Hatom � Eb 0
0 Ea

� �
� 1

2
�Ea � Eb� � 1

2
�hwbas3 ; �2�
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Fig. 1 Geometry of the beam splitters. Originating from a stationary source, atomic plane waves
with momentum p enter the laser region between the surfaces S and S0. These surfaces are
described by x � d and x � d0, respectively, with d0 � d� l. With a certain probability, the wave
vector of the laser beam k is transferred to the atomic wave so that the transmitted wave is split
into two atomic waves.



with wba :� �Eb ÿ Ea�=�h, and

Hdip�x� � ÿ�hWba � 0 eik � x

eÿik � x 0

� �
�3�

where Eb and Ea are the upper and lower energy levels of the atom. We denote
with m the mass of the atom, and Wba � 1

2�h jhaj mE jbij is the Rabi frequency.
Furthermore, w and k are the frequency and the wave vector of the laser beam.
We neglect any relaxation effects. We have already removed any time-dependence
from the dipole interaction term, compare [8].

As usual, the probability current is given by

j � ÿ i�h

2m
w�rwÿrw�w� � � ÿ �h

m
Re w�irw� � : �4�

We base our theory of the stationary beam splitting process on equation (1).
The procedure for describing the beam splitting process is the same in principle as
the calculation of the reflected and transmitted parts of an incoming plane wave
hitting a potential barrier. In our case the incoming wave is represented by a two-
level system and the potential barrier possesses a periodic structure, see Fig. 1. In
our calculations we will not use any approximation, except when we use the `limit
of high kinetic energy' of the atoms for comparison with known results.

2 The exact solution

2.1 The wave function

We first introduce

w0b�x� � eÿik � xwb�x� ; �5�
w0a�x� � wa�x� ; �6�

and get from (1) two equations the coefficients of which do not depend on x:

E0w0b�x� � ÿ �h2

2m
�r2 � 2ik � r ÿ k2� ÿ �hD

 !
w0b�x� ÿ �hWbaw

0
a�x� ; �7�

E0w0a�x� � ÿ
�h2

2m
r2w01�x� ÿ �hWbaw

0
b�x� ; �8�

with

E0 :� Eÿ Ea ÿ �h

2
w ; �9�

and the detuning D � wÿ wba. We also have E0 � Eÿ 1
2 �Ea � Eb� ÿ �h

2 D. We intro-
duced E0 in order to have the detuning on the right hand side. In addition, we
shall see later that E0 has a simple physical interpretation because it is connected
with the kinetic energy of an atom in laser-free space.

Eqs. (7, 8) are a system of partial differential equations with constant coeffi-
cients which always possesses plane wave solutions. Therefore we make the ansatz

w0b � e
i
�h p � xab� p� ; �10�

w0a � e
i
�h p � xaa� p� ; �11�
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and look for solutions for p and a. In order to describe the action of a stationary
laser beam with a rectangular profile on a stationary atomic wave function we
have to solve the wave functions for the various regions and glue them together by
using some jump conditions.

If we insert this ansatz into the equation for the probability density and for the
current density, we get

r � �ab*ab � aa*aa� ; �12�

j � 1
m
�� p� �hk� a*bab � pa*aaa� : �13�

Note that the momenta of the excited and ground states are � p� �hk� and p, re-
spectively. In addition, any imaginary part of p (evanescent modes) does not con-
tribute to the current.

The ansatz (10, 11) will be inserted into (7) and (8) and results in the two alge-
braic equations

0 �
�p� �hk�2

2m
ÿ E0 ÿ �hD ÿ�hWba

ÿ�hWba
p2

2m
ÿ E0

0BB@
1CCA ab

aa

� �
: �14�

In the case where the atomic Hamiltonian has additional terms

Hatom � Vbb 0
0 Vaa

� �
, this will amount to the replacements E0 ! E0 ÿ Vaa and

�hD! �hD� Vaa ÿ Vbb.
Before discussing the dispersion relation we first display the solutions a � ab

aa

� �
.

For the state a of (10, 11) we find, after normalization a�� p� a�p� � 1, the two solu-
tions1

a1; 2� p� �
����������������
A1; 2� p�

p
� ����������������

A2; 1� p�
p !

�15�

(here the � corresponds to 1, 2) with

A1; 2� p� � 1
2

1� y� p���������������������
1� y2� p�p !

�16�

and

y� p� :� 1
2�hWba

� p� �hk�2
2m

ÿ p2

2m
ÿ �hD

 !
: �17�

The function y� p� which is characteristic for the beam splitting, is defined in ana-
logy with the theory of dynamical diffraction of neutrons in crystals [10]. In atom
optics this function contains information about the relation between the laser fre-
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quency w and the internal energy levels, and about the relation between the mo-
mentum of the atoms and the wave vector k of the laser beam. Since, contrary to
neutron interferometry, w and k are easily varied a richer variety of physical ef-
fects is expected in our case. It is clear that the function y� p� depends on the
tangential parts of p only because, owing to Maxwell's equations, k is orthogonal
to the normal n. The function y� p� can be made to vanish by choosing an appro-
priate detuning. For zero detuning, this function is identical with the corresponding
function in neutron optics where it describes the departure from the Bragg condi-
tion pz � ÿ 1

2 �hk. We also note that, for Wba � 0, we have A1 � 1 and A2 � 0 and,
for Wba 6� 0, we also find 0 < A1; 2�p� < 1.

The general solution of (14), corresponding to the momenta p1 and p2 which,
for a fixed energy E0, are solutions of (21) and (22), is given by

w0 � a�1 w
0�
1 � a�2 w

0�
2 � aÿ1 w

0ÿ
1 � aÿ2 w

0ÿ
2 ; �18�

where a�1; 2 are complex constants which have to be determined by boundary con-
ditions, and (see Fig. 5)

w0�1; 2 � e
i
�h p1; 2 � xa1; 2�p� ; w0ÿ1; 2 � e

i
�h prefl:

1; 2 � xa1; 2� p� : �19�

2.2 The dispersion relation

The solvability condition for equation (14) requires the vanishing of the determi-
nant of the coefficient matrix and gives a Hamilton-Jacobi equation (or dispersion
relation) for the wave vector p:

0 � �p� �hk�2
2m

ÿ E0 ÿ �hD

 !
p2

2m
ÿ E0

� �
ÿ �h2W2

ba : �20�

In this equation E0, D, and Wba are given quantities. Owing to the translational
symmetry of the problem along the y- and z-axes the momenta py and pz are
conserved quantities and can be globally prescribed. Consequently, eqn. (20) is a
fourth order equation for the momentum px so that in general the dispersion rela-
tion consists of two disconnected components.

The structure of the Hamilton-Jacobi equation (20) is better exhibited if we
solve this equation for the constant energy E0. In this case we get two Hamilton-
Jacobi equations

E0 � f1�p� � 1
2m

p2 � �hWba y� p� �
��������������������
1� y2� p�

q� �
�21�

and

E0 � f2� p� � 1
2m

p2 � �hWba y�p� ÿ
�������������������
1� y2�p�

q� �
; �22�

The solvability condition now reads

0 � �E0 ÿ f2�p���E0 ÿ f1� p�� : �23�
These two Hamilton-Jacobi equations are constraints for the momenta p. If two
components of p are given, the third one can be determined by means of these
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equations. As suggested by the symmetry of our problem, we take the components
pt tangential to the surface of the laser region as given so that, by means of the
Hamilton-Jacobi equations, we can calculate the normal part pn of the momentum.
Then (21) and (22) reduce to equations of the simple form E00 � p2

n=2m which can
easily be solved for pn.

The relations (21) and (22) yield as usual the interpretation of the energy eigen-
value E0 for the stationary SchroÈ dinger equation: E0 consists of the kinetic energy
and additional terms depending on the Doppler-term p � k and on the detuning D.
All these laser-related terms contribute to the energy of the two-level atom.

Therefore we have four independent states with four different momenta, see
Fig. 2, 3, and 4. The four independent states are states with the same energy but
with different wave vectors. The explicit solutions of the Hamilton-Jacobi equa-
tions (21) and (22) are given by pn � �pn; 1; 2,

pn; 1; 2 �
�������
2m
p

E0 ÿ E?kin ÿ �hWba�y� p� �
��������������������
1� y2� p�

q
�

� �1
2

; �24�

with Et
kin :� 1

2m p2
t . The indices 1; 2 in the solution (24) are related to the two-level

structure of the quantum system. We also have

pn; 2 �
���������������������������������������������������������
p2

n; 1 ÿ 4m�hWba

��������������������
1� y2�p�

qr
: �25�
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Fig. 2 The dispersion relation (20) for Wba 6� 0. The energy E is a function of the nor-
mal and tangential components pn, pt of the momentum. In our example we use
�hk � 10, �hWba � 10 and D � 20 in arbitrary units.



The two components of the dispersion relation, generally disconnected, and the
corresponding solutions for the momentum are called in the case of neutron dif-
fraction by Werner [11] `branch a' and `branch b'.

Let us further explain the physics inside the laser beam by using the dispersion rela-
tion (20) or the two corresponding relations (21) and (22). First we plot the dispersion
surface E0 � E0�pn; pt�. In general we get two disconnected surfaces, see Fig. 2.

In the case of fixed pt we get the energy E0 as function of the momentum pn (in
our approach E0 is of course prescribed and pn is calculated), see Fig. 3. The slope
@E0=@pn yields the group velocity in direction of the surface, that is, parallel to the
normal n.

Fig. 4 represents a cut along a line orthogonal to the pn axis. The smallest dis-
tance between these two curves is given by the Rabi frequency �hWba. In the case
of vanishing laser beam this diagram consists of two parabolae which are trans-
lated in tangential direction by �hk and on the energy axis by �hD.

From this figure, we can learn that there is a splitting of the tangential part of
the group velocity of the atomic beam while the tangential part of the momentum
pt is fixed and continuous. The group velocity is given by the gradient

v :� rpE� p� : �26�
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Fig. 3 The energy E as a
function of the normal com-
ponent of the momentum pn,
the tangential part pt is con-
stant.

Fig. 4 The energy E as a function of the tangential part pt of the momentum. The right figure is
for y � 0. The gray lines are the corresponding diagrams for vanishing laser beam, Wba � 0. The
normal part pn is taken to be constant. The two minima are horizontally separated by �hk and
vertically by y. The Rabi frequency �hWba determines the spacing between both curves.



Using the two expressions for the energy (21) and (22) we get

v1; 2 � rpf1; 2�p�
��
p1; 2
� p1; 2

m
�A1; 2� p� �hk

m
: �27�

From this result and by inspection of Fig. 4 it is clear that, in general, the group
velocity is not proportional to the momentum. For the z-component of the group
velocity, which is relevant for the splitting of the atomic beams, we get

vz; 1; 2 � pz

m
�A1; 2� p� �hk

m
: �28�

Especially, for y � 0, there is no splitting of the group velocities. If, furthermore,
the detuning D vanishes, then this corresponds to the Bragg condition pz � ÿ 1

2 �hk,
as in neutron optics.

The splitting of the two beams inside the laser region is given by

dvz � vz; 1 ÿ vz; 2 � y�������������
1� y2

p �hk

m
: �29�

It should be noted that the direction of the splitting of the atomic beam after leav-
ing the laser region is not affected by the splitting inside the laser region. How-
ever, these consideration may be important for a correct analysis of phase shifts of
atomic interferometry experiments in external fields because in a quasiclassical
treatment these phase shifts depend on the area circumvented by the atomic
beams. This point has been important for neutron interferometry in gravitational
fields, see [12, 13, 14] and should be important for atomic interferometry in the
future.

We show in the Appendix that the group velocity is proportional to the total
atomic current. Note that the group velocities v1; 2 are not the velocities of the
atoms in the ground state or excited state, respectively. These group velocities cor-
respond to the two independent solutions for fixed energy.

Another feature can also be read off from Fig. 4: Since for particles described
by a wave equation the inverse of the effective mass is given by the second deriva-
tive of the energy with respect to the momentum, the zz±component of the tensor
of the effective mass is of opposite sign for a certain range of momenta, as can be
seen in Fig. 4. Therefore we can already conclude at this stage that for a specified
force the acceleration of two packets which are made of plane waves of each
branch only, are in opposite directions. Indeed, these anomalous effects play a role
in the beam splitting process in neutron interferometry [14] and also in atom optics
as we shall see in a forthcoming article [15].

The last figure is a cut through the 3-dimensional plot for a E0 � const:, see
Fig. 5. This represents all solutions for fixed energy and thus corresponds exactly
to the stationary case under consideration.

Note that the momentum in direction of the normal in general depends, via y,
on the detuning D. Such an effect is not possible in neutron optics in crystals what
establishes the superior variability of atom optics using laser beams as optical ele-
ments.

For Wba � 0, we get pn; 1 � pn; 2 �
�������
2m
p �������������������

E0 ÿ Et
kin

p
. For Wba 6� 0, the value of

jpn; 2j will decrease so that the laser beams acts as potential barrier with an effec-
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tive potential V > 0. On the other hand, jpn; 1j will increase so that the laser region
acts as a potential pot with a potential V < 0. In other words: one energy eigen-
state feels the laser as a potential barrier, the other eigenstate as potential pot. In
addition, in pn; 1 the factor connected with Wba is always larger than zero. Conse-
quently, for all E0 ÿ Et

kin > 0 the quantity under the square root is always positive
so that pn;2 is real. It should be noted that, due to the fact that the laser frequency
can be arbitrarily chosen, the energy E is not bounded from below.

Note that the whole discussion of the dispersion surface applies to the station-
ary interaction geometry as well as to the beam splitters using laser pulses, pro-
vided that inside the laser region or during the laser pulses the dipole interaction
is constant. The reason for that is that one first determines the solution with laser
and without laser, respectively, and then glues them together using jump conditions
which are given by the order of the corresponding differential equation. In the
stationary case we have a differential equation of second order so that the wave
function and its first derivative have to be continuous, in the pulsed case we have
a first order equation only so that only the wave function must be continuous. In
the latter case this leads to a simple successive application of the time evolution
operator. In the following we are discussing the first case.

2.3 Vanishing laser field

In the case of a vanishing laser field, Wba � 0, we get, instead of (21, 22),

E0 � f2; 1� p0� �
�p0

2 � �hk�2
2m

ÿ �hD ;

� p0
1�2

2m
:

8>>><>>>: �30�
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Fig. 5 The dispersion relation for E � const for non±vanishing (black) and for vanis-
hing (grey) Rabi frequency Wba. For a given tangential part of the momentum pt there
are eight solutions for the momentum, namely p1, p2, p1 � �hk, and p2 � �hk and the cor-
responding reflected beams prefl

1 , prefl
2 , prefl

1 � �hk, and prefl
2 � �hk with prefl

1 � pt ÿ pn; 1n and
prefl

2 � pt ÿ pn;;2n.



In this case we denote the momentum by p0. Therefore the energy E0 can be inter-
preted as the total kinetic energy of a ground state atom in the laser-free space. In
a momentum-energy diagram the momenta give two displaced parabolae. The
minima of these parabolae are displaced in E-direction by the amount of �hD and
in p0-direction by �hk. We find the two momenta

p0
n; 2 �

�������
2m
p

�E0 ÿ Et
kin ÿ 2�hWbay� p0��12 ;

p0
n; 1 �

�������
2m
p

�E0 ÿ Et
kin�

1
2 ; �31�

which are related by

p0
n; 2 �

�����������������������������������������������
�p0

n1�2 ÿ 4m�hWbay� p0�
q

: �32�
Even in free space it is necessary to consider two different p0

n1; 2 in order to get the
same energy E0 for both equations (7) and (8). Because y can be negative, p0

n; 1 can
be larger as well as smaller than p0

n; 2. Only in the case �h
m p0 � k � �hk2

2m � �hD (Doppler
shift, recoil, and detuning cancel each other) both momenta coincide. We have for
the states

w�2 �
1
0

� �
ei 1

�h p0
2 � k� � � x ; wÿ2 �

1
0

� �
ei 1

�h �p0; refl:
2 � k� � x� � ; �33�

w�1 �
0
1

� �
e�

i
�h p0

1 � x ; wÿ1 �
0
1

� �
e

i
�h p0; refl:

1 � x : �34�

Thus, for the unprimed state w � w1 � w2 the excited state has total momenta
p0

2 � �hk and p0; refl:
2 � �hk and the lower state momenta p0; refl:

1 and p0; refl:
1 . Although

allowed by energy conservation, there is no excited state possessing momenta p0
2

or p0; refl:
2 and no ground state with momenta p0

1 � �hk or p0; refl:
1 � �hk.

3 Entering the laser region

Before describing the beam splitting of an atomic beam by travelling through a
laser region, we first discuss what happens with the atomic beam while entering
the laser region.

3.1 Matching the momenta
Since the tangential part of p is prescribed, only the normal part of p can
change by entering the laser region. In addition, according to general principles
of quantum mechanics, the wave function as well as its first derivative are contin-
uous at the boundary of the laser region. The atomic beam in the laser region is
given by plane waves exp � i

�h p1; 2 � x� and exp � i
�h prefl:

1; 2 � x� and in the laser-free
region by exp � i

�h p0
1; 2 � x� and exp � i

�h p0 refl:
1; 2 � x�. Therefore the plane waves are

exp � i
�h ��pn1; 2xn � pt � x��, where pt � p1t � p2t � p0

1t � p0
2t is the same prescribed

momentum inside and outside the laser region.
From the globally constant energy, we can express the momentum inside the

laser region as function of the momentum in free space. In case that the atomic
beam outside is in an excited state, we have the condition

p2

2m
� �hWba

�
y� p� �

�������������������
1� y2�p�

q �
� � p

0
2 � �hk�2

2m
ÿ �hD ; �35�
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and if the atom outside is in the ground state,

p2

2m
� �hWba

�
y� p� �

��������������������
1� y2� p�

q �
� � p

0
2�2

2m
: �36�

We split the momentum into tangential and normal components and solve the
resulting equations for the normal part inside the laser region (note that the func-
tion y depends on pt only which is the same outside and inside the laser region),

pn; 1; 2 �
������������������������������������������������������������������������������������
�p0

n; 1�2 ÿ 2m�hWba

�
y� p� �

��������������������
1� y2� p�

q �r
�37�

and in case, the outside atom is in the excited state,

pn; 1; 2 �
������������������������������������������������������������������������������������
�p0

n; 2�2 � 2m�hWba

�
y� p� �

��������������������
1� y2� p�

q �r
�38�

In (37) the momenta inside the laser region are expressed in terms of the momen-
tum of the ground state atom while in (38) it is expressed as function of the mo-
menta of atoms in the excited state. Using the relation between the momenta of
the excited and ground state atom in free space, both expressions prove to be
identical. Each of these results describes that all four momenta �pn; 1; 2 are excited
if an atomic beam enters the laser region, irrespective of the internal state of the
entering atom.

In terms of the unprimed wavefunction, inside the laser region, we have eight
waves with momenta p1, p2, p1 � �hk, p2 � �hk, prefl:

1 , prefl:
2 , prefl:

1 � �hk, and prefl:
2 � �hk.

3.2 Matching the amplitudes

The complete description of the situation is given by

w0 �

A2
1
0

� �
eip0

2 � x�A1
0
1

� �
eip0

1 � x� B2
1
0

� �
eÿip0; refl:

2 � x � B1
0
1

� �
eÿip0; refl:

1 � x for x < d

C2

�������������
A��p�

p
ÿ �������������

Aÿ�p�
p !

eip2 � x � C1

�������������
Aÿ�p�

p�������������
A��p�

p !
eip1 � x

�D2

�������������
A��p�

p
ÿ �������������

Aÿ�p�
p !

eÿiprefl:
2 � x �D1

�������������
Aÿ�p�

p�������������
A��p�

p !
eÿiprefl:

1 � x for d < x

8>>>>>>>>>><>>>>>>>>>>:
�39�

The boundary conditions state that w0 as well as its derivative has to be continuous
at x � d: Therefore (w�d�� :� limE! 0w�d� E��

w�dÿ� � w�d��; @

@x
w�dÿ� � @

@x
w�d�� : �40�

By equating the wave functions for the dark zone and the laser zone, the exponen-
tial belonging to the prescribed momenta exp � i

�h pt � x� drop out.
The conditions above yield four equations relating C1; 2 and D1; 2 to A1; 2 and

B1; 2. We define

A � A2

A1

� �
; B � B2

B1

� �
; C � C2

C1

� �
; D � D2

D1

� �
; �41�
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and get from (40)

M
�0�
d
A
B

� �
�Md

C
D

� �
; �42�

with

Md �

�������
A�
p

eip2d
�������
Aÿ
p

eip1d
�������
A�
p

eÿip2d
�������
Aÿ
p

eÿip1d

ÿ �������
Aÿ
p

eip2d
�������
A�
p

eip1d ÿ �������
Aÿ
p

eÿip2d
�������
A�
p

eÿip1d�������
A�
p

pn2eip2d
�������
Aÿ
p

pn1eip1d ÿ �������
A�
p

pn2eÿip2d ÿ �������
Aÿ
p

pn1eÿip1d

ÿ �������
Aÿ
p

pn2eip2d
�������
A�
p

pn1eip1d
�������
Aÿ
p

pn2eÿip2d ÿ �������
A�
p

pn1eÿip1d

0BBB@
1CCCA
�43�

and M0
d �Md�Wba � 0�. (Here and in the following we denote for simplicity

p1; 2 � pn; 1; 2 and p0
1; 2 � p0

n; 1; 2.) Eqn. (42) relates the coefficients of the atomic
beam in front of the laser region to that behind the entrance surface. If we treat
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Fig. 6 Visualisation of the momenta of the atomic waves before and after entering the laser
region. Taking into account the addition of the wave vector of the laser beam, in laser±free space
there are four possible momenta of the atoms: p0

1; 2 and p0
1; 2 � �hk. According to (33, 34), the two

incoming momenta p0
1 � �hk and p0

2 (dashed vectors) are in fact not present (although allowed by
energy conservation) because the corresponding amplitudes vanish. It should be kept in mind that
the figure above represents position space only in the sense that the momenta are restricted to the
regions before and behind the boundary of the laser region.



the problem of an infinitely large laser region (Wba 6� 0 for x � 0), then we can
take as boundary condition D1 � D2 � 0 and can solve C1, C2 in terms of the
incoming A1, A2 (see below).

3.3 The Borrmann effect

The Borrmann effect is known from dynamical neutron diffraction. It describes the
phenomenon that, only for a certain angle of the incident momentum with the sur-
face of the crystal, the propagation of the neutrons inside the crystal is normal to
the surface, see Fig. 7. In addition, only if this is the case there will be no attenua-
tion of the neutron beam inside the crystal due to interactions with the atomic
cores. A similar phenomenon occurs in our case of atoms entering a laser region.
However, the physics is different and there is also no attenuation of the atoms
because they cannot be absorbed by the laser beams.

We first calculate the tangential component of the current inside the laser re-
gion as function of the parameters of the atomic beam entering the laser region.
We treat the problem for a laser region which covers the whole half space x � 0.
In this case there are no waves running back, that is, D1 � D2 � 0 in (39).

The current inside the laser region is

j � ÿ i�h

2m
w�rwÿrw�w� � � ja � jb � j1 � j2 ; �44�
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Fig. 7 The Borrmann effect for the total current: If the momentum p0 of the incoming
atomic beam has a specific angle qBragg with the normal of the surface of the laser
region, then the averaged total current h ji of the atomic beam inside the laser region is
proportional to this normal. In the case of neutron diffraction, the role of k is taken
over by the reciprocal lattice vector near the Ewald sphere specified by the momentum
of the incoming neutron.



with

ja �
p
m

ra; jb �
1
m
� p� �hk� rb �45�

j1 � ÿ
i�h

2m
�w�1rw1 ÿrw�1 w1�; j2 � ÿ

i�h

2m
�w�2rw2 ÿrw�2 w2� �46�

where

rb � wb
*wb

� jC2j2 A� � jC1j2 Aÿ � 2
��������������
A�Aÿ

p
Re �C1*C2ei�p1ÿp2� � x� ; �47�

ra � wa
*wa

� jC2j2 Aÿ � jC1j2 A� ÿ 2
��������������
A�Aÿ

p
Re �C2*C1ei�p1ÿp2� � x� ; �48�

where w is inserted from (39). The coefficients C1 and C2 have to be calculated,
according to (45), with D1 � D2 � 0. We get

C2 � 1
W

c2; c2 � A2

�������
A�

p
p0

2�p0
1 � p1� ÿA1

�������
Aÿ

p
p0

1�p0
2 � p1� ; �49�

C1 � 1
W

c1; c1 � A2

��������
Aÿ

p
p0

2�p0
1 � p2� �A1

�������
A�

p
p0

1�p0
2 � p2� ; �50�

with

W � 1
2
�Aÿ�p0

2 � p1� �p0
1 � p2� �A��p0

1 � p1� �p0
2 � p2�� : �51�

This yields

rb �
1

W2
�jc2j2 A� � jc1j2 Aÿ � 2

��������������
A�Aÿ

p
Re �c1*c2e

i
�h �p1ÿp2� � p�� ; �52�

ra �
1

W2
�jc2j2 Aÿ � jc1j2 A� ÿ 2

��������������
A�Aÿ

p
Re �c2*c1e

i
�h �p1ÿp2� � x�� : �53�

There are now three distinguished effects, all of them are related to the Borr-
mann effect. The first case describes the effect that, for a certain momentum of the
incoming atomic beam, the total current lies in direction of the normal, hjzi � 0,
where h�i means the average over distances larger than �h=�p1 ÿ p2�. The second
case describes more specifically that the average of both currents belonging to the
atoms in the excited as well as in the ground state, are parallel to the normal,
hjz; ai � 0 and hjz;bi � 0, and the third case requires the same for the two currents
j1 and j2 or group velocities v1 and v2 connected with the two independent solu-
tions for a given energy. We discuss all three cases:

1. The first condition is fulfilled if

pz � ÿ hrbi
hrai � hrbi

�hk : �54�

Consequently, from (52) and (53),

pz � ÿ jc2j2 A� � jc1j2 Aÿ
jc1j2 � jc2j2

�hk ; �55�
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where we can express the momenta p0
2, p2, and p1 in terms of p0

1, Wba, y, and, of
course, the parameters A1 and A2 describing the incoming atom beam. Eqn.
(55) is the exact condition for this Borrmann effect.

We now discuss the case when the incoming atom is in the ground state:
A2 � 0, A1 � 1. Then

pz � ÿA�Aÿ
�p0

2 � p1�2 � �p0
2 � p2�2

A��p0
2 � p2�2 �Aÿ�p0

2 � p1�2
�hk : �56�

If the incoming atom is in the excited state, A2 � 1, A1 � 0, then we get

pz � �hk � 1ÿA2
��p0

1 � p1�2 �A2
ÿ�p0

1 � p2�2
Aÿ�p0

1 � p2�2 �A��p0
1 � p1�2

 !
�hk : �57�

Note that the total momentum of the incoming atom in the excited state is
p� �hk.

We consider the angle between the momentum of the incoming atomic beam
and the surface of the laser region. In the first case this angle is cos q � pz=jp0

1j,
and in the second case cos q � �pz � �hk�=jp0

2 � �hkj and is thus different from the
first case. The difference vanishes for vanishing laser field (Wba ! 0), see also
the approximation in Sec. 5.1.

2. For the second case (Fig. 8 (left)) we have the conditions

hrai � 0 and hrbi � 0 ; �58�
or

jc2j2 Aÿ � jc1j2 A� � 0 and jc2j2 A� � jc1j2 Aÿ � 0 : �59�
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Fig. 8 The Borrmann effect for both atomic beams inside the laser region: If the momentum p0

of the incoming atomic beam has a specific angle qBragg with the normal of the surface of the laser
region, then both atomic currents inside the laser region are proportional to this normal (left).
This happens only for y � 0. In the case y 6� 0 both atomic currents have tangential components
(right).



If the incoming atoms are in the ground state, we get

A2
ÿ�p0

2 � p1�2 �A2
��p0

2 � p2�2 � 0 and �p0
2 � p1�2 � �p0

2 � p2�2 � 0 ; �60�
that is,

A2
ÿ ÿA2

� � 0 �61�
which is fulfilled only for y � 0, that is, in resonance. This means for the tangen-
tial part of the momentum of the incoming ground state atom
p � k � mDÿ 1

2 �hk2. This leads to an angle given by tan q � mD=kÿ 1
2 �hk

ÿ �
=p0

n. In
the case of vanishing detuning D � 0 we have the result pz � ÿ 1

2 �hk known
from neutron optics. If the laser is off resonance both currents h jai and h jbi are
different and not normal to the surface of the laser region, see Fig. 8 (right).

If the incoming atoms are in the excited state, we get

�p0
1 � p1�2 � �p0

1 � p2�2 � 0 and A2
��p0

1 � p1�2 �A2
ÿ�p0

1 � p2�2 � 0 ; �62�
that is,

A2
� ÿA2

ÿ � 0 �63�
which is the same condition as above, leading to y � 0.

3. The last case requires that both currents j1 and j2 or group velocities v1 and
v2 corresponding to the two independent solutions for fixed energy, are paral-

lel to the normal. This means vz; 1 � vz; 2 � 0, or

0 � pz �A1� p� �hk and 0 � pz �A2� p� �hk : �64�
These two equations can only be fulfilled if y � 0 and pz � ÿ 1

2 �hk. The corre-
sponding incidence angle is the Bragg angle and is given by
tan qBragg � ÿ 1

2 �hk=p0
n. The dispersion relation for this case is displayed in the

right diagram of Fig. 4.

3.4 The pendelloÈ sung

According to (49) and (51) the intensities of the atoms in the excited state and in
the ground state will oscillate with the distance they move in the laser region.
These oscillations are the pendelloÈ sung effect. The corresponding wavelength is

lPendel � 2p
�h

p1 ÿ p2
: �65�

This pendelloÈ sung, as introduced for neutron optics, corresponds to the usual Rabi
oscillations in atomic physics.

4 The beam splitting

Let us now treat the transmission and reflection of an atomic beam interacting
with a laser region of finite width l, see Fig. 1.
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4.1 Transmission and reflection matrices

For the full beam splitting process, that is, for the transition through a laser region,
we have the following situation:

w0 �

A2
1
0

� �
eip0

2 � x�A1
0
1

� �
eip0

1 � x� B2
1
0

� �
eÿip0; refl:

2 � x� B1
0
1

� �
eÿip0; refl:

1 � x for x < d ;

C2

�������������
A��p�

p
ÿ �������������

Aÿ�p�
p !

eip2 � x � C1

�������������
Aÿ�p�

p�������������
A��p�

p !
eip1 � x

�D2

�������������
A��p�

p
ÿ �������������

Aÿ�p�
p !

eÿiprefl:
2 � x �D1

�������������
Aÿ�p�

p�������������
A��p�

p !
eÿiprefl:

1 � x for d>x>d� l ;

E2
1
0

� �
eip0

2 � x � E1
0
1

� �
eip0

1 � x � F2
1
0

� �
eÿip0; refl:

2 � x � F1
0
1

� �
eÿip0; refl:

1 � x for x > d� l :

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:
�66�

In order to determine the transmitted part of the wave function, we have to calcu-

late
E2

E1

� �
in terms of

A2

A1

� �
.

Using again the boundary conditions, we get eight equations which can be used
to eliminate the four quantities C1; 2 and D1; 2 and to relate A1; 2 and B1; 2 to E1; 2.
In addition to Eqn. (42), we get

Md0
C
D

� �
�M

�0�
d0
E
F

� �
: �67�

This yields

E
F

� �
� �M�0�

d0 �ÿ1
Md0M

ÿ1
d �M�0�

d �
A
B

� �
� M11 M12

M21 M22

� � A
B

� �
�68�

where each Mij is a 2� 2±matrix. If we apply the additional boundary condition
F � 0 (no atoms from the right), we get a relation between A and E as well as
between B and A:

B � ÿMÿ1
22M21A �: RA ; �69�

E � �M11 ÿM12Mÿ1
22M21�A �: T A : �70�

This determines the amplitudes of the outgoing and the reflected wave function.
The 2� 2±matrices

T � T22 T21

T12 T11

� �
and R � R22 R21

R12 R11

� �
�71�

are the transmission and the reflection matrix, respectively. If the incoming atomic
beam consists of atoms in the ground state, then jT11j2 and jT21j2 are the probabil-
ities to find the transmitted atom in the ground state, or in the excited state, re-
spectively. If the incoming atoms are in an excited state, then jT12j2 and jT22j2 are
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the probabilities to find the transmitted atom in the ground state or on the excited
state, respectively. The analogous holds for the reflection matrix R.

Note that these quantities are not normalised to one: In the first case of incom-
ing ground state atoms, we have from current conservation

�1ÿ jR11j2� p0
1 ÿ jR21j2 p0

2 � jT11j2 p0
1 � jT21j2 p0

2 : �72�
From this we get

1 � jT11j2 � jT21j2 p0
2

p0
1

� jR11j2 � jR21j2 p0
2

p0
1

�73�

and, especially,

jT11j2 � jT21j2 p02

p0
1

� 1; jR11j2 � jR21j2 p0
2

p0
1

� 1 : �74�

If the incoming atoms are in the excited state, we get instead

1 � jT12j2 p0
1

p0
2

� jT22j2 � jR12j2 p0
1

p0
2

� jR22j2 : �75�

4.2 Beam splitting by transmission

For the components of the matrix T we get

T11 � 1
Z

p0
1�Aÿp2�2p0

2p1 cos �lp1� ÿ i��p0
2�2 � p2

1� sin �lp1��
� A�p1�2p0

2p2 cos �lp2� ÿ i��p0
2�2 � p2

2� sin �lp2��� ; �76�
T12 � 1

Z

��������������
AÿA�

p
p0

2 p1p2�p0
2 � p0

1� �cos �lp2� ÿ cos �lp1��
�

� ip2�p2
1 � p0

1p0
2� sin �lp1� ÿ ip1�p2

2 � p0
1p0

2� sin �lp2�� ; �77�
T21 � 1

Z

��������������
AÿA�

p
p0

1 p1p2�p0
1 � p0

2� �cos �lp2� ÿ cos �lp1��
�

� ip2�p0
1p0

2 � p2
1� sin �lp1� ÿ ip1�p0

1p0
2 � p2

2� sin �lp2�� ; �78�
T22 � 1

Z
p0

2�A�p2�2p0
1p1 cos �lp1� ÿ i��p0

1�2 � p2
1� sin �p1l��:

� Aÿp1�2p0
1p2 cos �lp2� ÿ i��p0

1�2 � p2
2� sin �lp2��� ; �79�

with

Z �ÿAÿA��p0
1 ÿ p0

2�2 p1p2

� p1 cos �lp1���2�A2
ÿ �A2

�� p0
1p0

2 �AÿA��p0
1 � p0

2�2� p2 cos �lp2�
ÿ i�Aÿp0

2��p0
1�2 � p2

2� �A�p0
1��p0

2�2 � p2
2�� sin �lp2��

ÿ sin �lp1� �i�A�p0
2��p0

1�2 � p2
1� �Aÿp0

1��p0
2�2 � p2

1��p2 cos �lp2�:
� 1

2 �A2
ÿ��p0

2�2 � p2
1� ��p0

1�2 � p2
2� � 2AÿA��p0

1p0
2 � p2

1� �p0
1p0

2 � p2
2�:

� A2
���p0

1�2 � p2
1� ��p0

2�2 � p2
2�� sin �lp2�� : �80�
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For vanishing laser beam, that is, for Wba � 0 (which gives A� � 1, Aÿ � 0,
p1; 2 � p0

1; 2), the off-diagonal terms vanish, and we have T11 � eip0
1l and T22 � eip0

2l.
The above matrix elements possess a structure similar to the corresponding text
book results of the plane wave scattering by a rectangular potential barrier.

We plot the probabilities jT11j2 and jT21j2 and their weighted sum
jT11j2 � p0

2

p0
1
jT21j2 for various cases in order to demonstrate the main features of the

transmission. The actual values for jT11j2 and jT21j2 depend on the momentum of
the excited incoming atom p0

1, on the strength of the laser beam characterized by
Wba, on the width of the laser region l, and on the quantity y which can be ma-
nipulated by the detuning. Owing to this set of quantities which influence the mea-
sured probabilities we discuss several cases:

1. In this first case we vary the momentum, or the energy, of the incoming ground
state atom, see Fig. 9. We plot the probabilities jT11j2 (dotted curve) and jT21j2
(dashed curve) and their weighted sum (solid curve). Similar to the case of the
scattering of a one-level plane wave at a constant potential barrier, the total
outgoing intensity for low energies is very small. If the energy of the incoming
atom is comparable to the potential barrier, then the intensity grows and dis-
plays some oscillations. For large energies it approaches unity. However, in our
case the transmission shows more structure: while the weighted sum
jT11j2 � p0

2

p0
1
jT21j2 asymptotically tends to unity, the probabilities jT11j2 and jT21j2

oscillate with an increasing period and the strength and the period of these
oscillations depend on the parameter y.

2. In the next case we fix the momentum p0
1 of the incoming atom, the strength of

the barrier Wba and the parameter y connected with the detuning. The variable
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Fig. 9 Display of the probabilities jT11j2
(dotted curve) and jT21j2 (dashed curve) and

the sum jT11j2 � p0
2

p0
1
jT21j2 (solid curve) as func-

tion of the momentum of the incoming atom
in the ground state in the case of resonance
y � 0 (upper right diagram), for y � 0:5 (up-
per left diagram), and y � ÿ0:5 (lower dia-
gram). The fixed parameters are m�hWba � 0:4,
l=�h � 15 in arbitrary units.



parameter is the width l of the laser barrier. The corresponding diagrams in
Fig. 10 show the spatial version of the Rabi oscillations. Similar to the usual
Rabi oscillations in time, the wavelength of the spatial Rabi oscillations as well
as the population transfer decrease for increasing jyj. Wavelength and popula-
tion transfer are maximal for resonance y � 0 and decrease for increasing jyj.

3. Now we fix the energy p0
1, the length l, and the parameter y and vary the

strength of the barrier Wba connected with the power of the laser beam, see
Fig. 11. This type of experiment has been carried out by BordeÂ et al. [16] and
Ekstrom et al. [17] for large kinetic energy of the atoms compared with the
Rabi energy �hWba. The corresponding diagrams show first an oscillatory beha-
vior for the excited and ground states leaving the laser region while the total
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Fig. 10 The functions jT11j2, jT21j2, and
jT11j2 � p0

2

p0
1
jT21j2 as function of the width l=�h of

the laser beam in the case of resonance y � 0
(upper right), and for y � 1 (upper left), and
y � ÿ1 (lower). The parameters are p0

1 � 1:5,
y � 0, and m�hWba � 0:4 in arbitrary units.

Fig. 11 The functions jT11j2, jT21j2, and jT11j2 � p0
2

p0
1
jT21j2 as function of the Rabi frequency m�hWba

of the laser beam in the case of resonance y � 0. The parameters are p0
1 � 2, y � 0, and l=�h � 15.

Right: Same as left but with p0
1 � 4.



intensity is almost unity. This corresponds to the probability jT21j2 � sin �kRl�
� sin �mWbal=p0� connected with the case of a small barrier or high kinetic en-
ergies (compare the approximation (98)). This behavior changes drastically if
the potential barrier given by Wba is comparable to the kinetic energy of the
incoming atom: the oscillations die out and most of the atoms are reflected. In
addition, a non-zero y damps the population transfer.

After leaving the laser zone, the atomic waves again have momenta p0
1 and

p0
2 � �hk. The two momenta p0

1 and p0
2 are different which leads to an extra momen-

tum of the second beam in normal direction, so that in general the atomic waves
are scattered inelastically. This extra momentum is supplied by the detuning of the
laser beam and gives rise to the Rabi oscillations.

4.3 The reflection

The components of the reflection matrix are given by

R11 � 1
Z
f2AÿA��p0

1 ÿ p0
2� �p0

1 � p0
2� p1p2

� 2Aÿp1 cos �lp1� �A��p0
2 ÿ p0

1� �p0
1 � p0

2� p2 cos �lp2�
� ip0

2�p0
1 ÿ p2� �p0

1 � p2� sin �lp2��
� sin �lp1� �2iA�p0

2�p0
1 ÿ p1� �p0

1 � p1� p2 cos �lp2�
� �A2

ÿ��p0
2�2 � p2

1��p0
1 ÿ p2� �p0

1 � p2� � 2AÿA��p0
1p0

2 ÿ p1p2� �p0
1p0

2 � p1p2�
�A2

��p0
1 ÿ p1� �p0

1 � p1� ��p0
2�2 � p2

2�� sin �lp2�g ; �81�

R12 �ÿ 2
Z

��������������
AÿA�

p
p0

1f�A� ÿAÿ� �p0
1 ÿ p0

2�p1p2

� p1 cos �lp1� ��Aÿ ÿA�� �p0
1 ÿ p0

2� p2 cos �lp2� � i�p0
1p0

2 ÿ p2
2� sin �lp2��

� sin �lp1� �i�p2
1 ÿ p0

1p0
2�p2 cos �lp2�

� ��Aÿp0
1 �A�p0

2� p2
1 ÿ �A�p0

1 �Aÿp0
2�p2

2� sin �lp2��g ; �82�

R21 �ÿ 2
Z

��������������
AÿA�

p
p0

1f�A� ÿAÿ��p0
1 ÿ p0

2� p1p2

� p1 cos �lp1� ��Aÿ ÿA�� �p0
1 ÿ p0

2� p2 cos �lp2� � i�p0
1p0

2 ÿ p2
2� sin �lp2��

� sin �lp1� �i�p2
1 ÿ p0

1p0
2�p2 cos �lp2�

� ��Aÿp0
1 �A�p0

2� p2
1 ÿ �A�p0

1 �Aÿp0
2�p2

2� sin�lp2��g ; �83�

R22 �ÿ 1
Z
f2AÿA��p0

1 ÿ p0
2��p0

1 � p0
2� p1p2

� 2A�p1 cos �lp1� �Aÿ�p0
2 ÿ p0

1� �p0
1 � p0

2� p2 cos �lp2�
ÿ ip0

1�p0
2 ÿ p2� �p0

2 � p2� sin �lp2��
� sin �lp1� �ÿ2iAÿp0

1�p0
2 ÿ p1� �p0

2 � p1�p2 cos �lp2�
ÿ �A2

���p0
1�2 � p2

1��p0
2 ÿ p2��p0

2 � p2� � 2AÿA��p0
1p0

2 ÿ p1p2� �p0
1p0

2 � p1p2�
�A2

ÿ�p0
2 ÿ p1� �p0

2 � p1� ��p0
1�2 � p2

2�� sin �lp2��g ; �84�

Ch. BordeÂ and C. LaÈmmerzahl, Atomic interferometry: the beam splitting 103



with

Z � 2AÿA��p0
1 ÿ p0

2�2 p1p2 � 2p1 cos �lp1� �ÿ�2A2
ÿp0

1p0
2 � 2A2

�p0
1p0

2

� AÿA��p0
1 � p0

2�2�p2 cos �lp2�
� i�Aÿp0

2��p0
1�2 � p2

2� �A�p0
1��p0

2�2 � p2
2�� sin�lp2��

� sin �lp1� �2i�A�p0
2��p0

1�2 � p2
1� �Aÿp0

1��p0
2�2 � p2

1�� p2 cos �lp2�
� �A2

ÿ��p0
2�2 � p2

1���p0
1�2 � p2

2� � 2AÿA��p0
1p0

2 � p2
1� �p0

1p0
2 � p2

2�
�A2

���p0
1�2 � p2

1� ��p0
2�2 � p2

2�� sin �lp2�� : �85�
For atomic mirrors one would like to have an almost perfect reflection, that is,
R � 1. Since the reflected wave also always consists in both kinds of atoms, this
device may also be used for the beam splitting. The reflected wave is non±negligi-
ble only for small momenta px. Therefore, provided one prepares atoms with mo-
menta which have a very small angle with the surface of the laser beam, or one
uses very strong laser fields, then the reflection can be used as beam splitter or as
a mirror for very cold atoms. Inspection of the above result shows immediatley
that the reflection matrix vanishes for vanishing laser power (see also the approx-
imation in Sec. 5.4). Usually the reflected waves can be neglected.

The graphs describing the reflected waves are complementary to that for the
transmitted wave. We show, for convenience, diagrams where the reflection coeffi-
cients are displayed as functions of p0

1, l, and Wba, respectively, see Fig. 12. Most
atoms are reflected in the case where the kinetic energy is smaller than the inter-
action energy, as can be seen from the upper and lower diagrams in Fig. 12. From
the middle diagram we discover that the reflection has only a periodic dependence
on the width of the laser region.
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Fig. 12 The reflection coefficients jR11j2,
jR21j2, and the weighted sum jR11j2 � p0

2

p0
1
jR21j2

as functions of p0
1 (upper left diagram), of l

(upper right diagram), and of Wba (lower dia-
gram). Note the different scales as compared to
the diagrams of the transmission coefficients.



Of course, the weighted sums of transmission coefficients as well as of the re-
flection coefficients add up to unity, in accordance to relation (73).

4.4 The Borrmann effect with reflected wave

The exit boundary of the laser region influences the wave function inside the laser
region and thus the condition for the Borrmann effect. If we take these waves into
account, then we have to calculate the current inside the laser region from (66).
We get, instead of (44),

jz �ÿ i�h

2m
�wb

* @zwb ÿ @zwb
*wb � wa

* @zwa ÿ @zwa
*wa�

� �h

m
��Aÿ jC1j2 �A� jC2j2 �Aÿ jD1j2 �A� jD2j2� �pz � �hk�

� �A� jC1j2�Aÿ jC2j2�A� jD1j2�Aÿ jD2j2� pz � oscillatory terms� :
�86�

The condition for the Borrmann effect is again hjzi � 0 which yields

pz � ÿAÿ�jC1j2 � jD1j2� �A��jC2j2 � jD2j2�
jC2j2 � jD2j2 � jC1j2 � jD1j2

�hk �87�

indicating the additional influence of the beam which is reflected at the exit sur-
face. If we neglect the wave which is reflected at the exit boundary, then we re-
cover the results of Sec. 3.3. Since the exact evaluation of the above expression is
not very illuminating, we refer to the approximation in Sec. 5.1.

In the same way one can easily calculate the currents j1, j2, jb, and ja and the
conditions for the other two versions of a Borrmann effect.

5 An approximation for fast atoms

If the atoms possess a large kinetic energy as compared to the potential energy
provided by the interaction of the two-level atom with the laser beam, we can
perform a useful approximation. The validity of this approximation is charac-
terised by the ratio

j � ERabi

Ekin
� �hWba

p2=�2m� : �88�

In this case we can expand the square roots in (37) and (38) and find

pn1; 2 � p0
n; 1 ÿ

m�hWba

p0
n; 1

y� p� �
��������������������
1� y2�p�

q� �
; �89�

or

pn1; 2 � p0
n; 2 �

m�hW21

p0
n; 2

y� p� �
��������������������
1� y2� p�

q� �
: �90�
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With the same approximations we also find

dp� p� :� p0
n1 ÿ p0

n2 �
m�hW21y�p�

p0
n2

� m�hW21y� p�
p0

n1

: �91�

5.1 The Borrmann effect

If we use this approximation for the results (56, 57) of the first case (the other two
cases gave exact results), then we find the following:

1. For incoming atoms in the ground state we use (56) and get to first order

pz � ÿ 1
2

1
1� y2

1� j

2

� �
�hk : �92�

The zeroth order result pz � ÿ 1
2

1
1�y2 �hk coincides with that in neutron optics

[10]. If the tangential part of the incoming beam is in k-direction, p0
t � k, then

the incident angle is

tan q � pz

p0
1

� ÿ 1
2

1
1� y2

1� j

2

� � �hk

p0
1

: �93�

This angle depends on the wave vector k of the laser bam, via y on the detun-
ing D, and the kinetic energy of the incoming atom. The incident angle is max-
imal in the case of resonance.

2. For an incoming atomic beam in the excited state we use (57) and get to first
order

pz � �hk � 1
2

1
1� y2

1ÿ j

2

� �
�hk �94�

and a corresponding incidence angle

tan q � pz � �hk

p0
2

� 1
2

1
1� y2

1ÿ j

2

� � �hk

p0
2

: �95�

We find the same result for the Borrmann effects which take into account the
reflected waves, see Section 4.4. Therefore the reflected waves contribute to the
corresponding incidence angle at most to second order of j.

The incidence angle is different for excited and ground state atoms. To zeroth
order, the angle for the incoming excited atoms is just opposite to that for the
ground state atoms. To first order, an asymmetry comes in, both beams have addi-
tional parts in the same direction.

5.2 The pendelloÈ sung

In the present approximation, the wavelength of the pendelloÈ sung effect is

lPendel � 2p
p0

1

mWba

1�������������
1� y2

p : �125�

This wavelength increases with the kinetic energy of the atoms and for smaller
laser power. It can also be varied with the detuning; it is maximal for resonance.
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5.3 Beam splitting by transmission

If we expand to first order in �hWbam=�p0
1�2 the phase as well as the amplitude, we

get from (76±79) the transmission matrix

T11 � ei�p0
1ÿdp� l cos �kRl� � iy�������������

1� y2
p sin �kRl�

 !
; �97�

T12 � ei�p0
1ÿdp� l i�������������

1� y2
p 1ÿ m�hW

�p0
1�2

y

 !
sin �kRl� ; �98�

T21 � ei�p0
1ÿdpa� l i�������������

1� y2
p 1� m�hW

�p0
1�2

y

 !
sin �kRl� ; �99�

T22 � ei�p0
1ÿdp� l cos �kRl� ÿ iy�������������

1� y2
p sin �kRl�

 !
; �100�

where we defined the Rabi wavelength

kR � mWba

p0
1

�������������
1� y2

p
�101�

and used dp from (91). In this approximation, the population transfer between
atoms in the excited and the ground state is exactly sinusoidal. For example, jT11j2
� 1ÿ 1

1�y2 sin2 �kRl� which, in the case of y � 0, reduces to jT11j2 � cos2 �mWbal=p0
1�.

The Wba-dependent amplitudes in the off-diagonal terms indicate that, even in
this approximation, a reflection appears. However, amplitude effects are much
smaller than oscillatory effects. Thus, for most purposes one can neglect these Wba-
terms in the amplitudes. In this case, the structure of the above result is analogous
to the result of the beam splitting process with laser pulses in the time domain.
One gets the latter result by replacing kRl by WRt where t is the duration of the
laser pulse and WR the corresponding Rabi frequency. Since the latter is given by
WR � Wba

�������������
1� y2

p
, we have, by comparison, WR � v0

1kR, with v0
1 � p0

1=m.

5.4 Reflection

Using the same approximation, we get for the reflection matrix

R11 � �hmWba

2�p0
1�2

e2i�p0
1ÿdp� l eikRl i sin �kRl��������������

1� y2
p ; �102�

R12 � �hmWba

4�p0
1�2

ÿ1� e2i�p0
1ÿdp� l y2 � cos �2kRl�

1� y2

� �
; �103�

R21 � �hmWba

4�p0
1�2

ÿ1� e2i�p0
1ÿdp� l y2 � cos �2kRl�

1� y2

� �
; �104�

R22 � �hmWba

2�p0
1�2

e2i�p0
1ÿdp� l eÿikRl i sin �kRl��������������

1� y2
p : �105�

Of course, this matrix vanishes for vanishing laser power or for large kinetic en-
ergy of the incoming atoms (j! 0).
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6 Discussion

We have calculated the exact results for the scattering of a two-level system at
a periodic potential. Since this is a stationary problem, the structure of the re-
sult is in general different from the interaction of a two-level system with a
laser pulse which is a time-dependent interaction. We presented the transition
matrix which describes the probability to find the atom behind the laser beam
in an upper or lower state for an incoming atom which is either in the lower or
upper state, too. Also the reflection matrix has been given. The total intensity
shows a similar behaviour to that of the intensity obtained from the scattering
of a one-level system scattered at a usual potential barrier. However, this total
intensity is the sum of intensities belonging to the upper and lower state which
oscillate.

For atom interferometers one uses p- and p=2-beams, see Fig. 13, e.g., for a
simple realisation. These beams are defined by their action on the population
of the incoming atom beam: The p-beam reverses the population while a p=2-
beam splits the population with a 50 : 50 probability. As one can easily see from
the probabilities plotted, this is only possible for y � 0. A p-beam is a config-
uration where the function jT11j2 (the dotted curve in Figs. 9, 10, and 11) has
the value 0 (in this case the jT21j2 ± the dashed curve ± has a value smaller
than 1 because one has to take the reflected part into consideration). A p=2-
pulse represents a configuration where the functions jT11j2 and jT21j2 are equal.
In this case the dotted and the dashed curves in Figs. 9, 10, and 11 cross each
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Fig. 13 A Ramsey-BordeÂ -interferometer in the position-momentum representation.
The incoming atoms ja;p0

1i are in the ground state and have a momentum p0
1. The p=2-

beam acts as state splitter leading to a superposition of the incoming state and excited
states jb; p0

2 � �hki with momentum p0
2 � �hk, and the p-beam reverses the states. The

atomic interference pattern can be read off from port I or port II. Note that except for
y � 0 the two momenta p0

1 and p0
2 are different.



other. In the case of large kinetic energy compared to the potential energy of
the laser beam, a p-beam is given by jT11j2 � 0, jT21j2 � 1, and a p=2-beam by
jT11j2 � jT21j2 � 1=2. Thus, we have for a p-beam kRl � p=2 and for a p=2-
beam kRl � p=4. In the case of an incoming atomic beam with fixed kinetic
energy, these conditions can be obtained by either varying the width or the
power of the laser beam.

It has to be mentioned that the two momenta p0
1 and p0

2 are different for y 6� 0.
(An analogue effect takes place in the time domain when operating with laser
pulses. In this case one has a constant and fixed momentum but two different
energies.) These two momenta do not influence the interference pattern for a sym-
metrical interferometer geometry. However, in a trapezian geometry, for example,
they contribute to the interference pattern [18, 7].

The calculations of above can be applied to the beam splitting process in a
gravitational field. In this case the additional gravitational acceleration modifies
the condition y � 0 so that the resonance condition is no longer fulfilled. Conse-
quently, first a p- or p=2-beam as defined in in the case of free gravity loses this
property, and secondy there may be more contributions to the reflected beam. This
will be treated in a forthcoming paper [15].

C.L. would like to thank Ch. J. BordeÂ and Ch. Chardonnet for their hospitality at the Laboratoire
de Physique des Lasers at the UniversiteÂ Paris 13 and the CNRS (France) for the financial sup-
port.

Appendix: Group velocity and current

Theorem: The currents j1; 2 � ÿ i�h
2m �w�1; 2rw1; 2 ÿrw�1; 2w1; 2 are proportional to the

group velocities v1; 2:

Proof : The matrix equation (14) has the general form A�p� a � 0 and leads to the
solvability condition detA�x; p� � 0. In our case this condition is
�Eÿ f1�x; p�� �Eÿ f2�x; p�� � 0 so that either Eÿ f1�x; p� � 0 or Eÿ f2�x; p� � 0
with the corresponding solutions p1 and p2. If one of these conditions, say the first
one, is fulfilled, then there exists an eigenvector a1 so that A�x; p1� a1�p1� � 0. In
other words: Eÿ f1�x; p1� � 0 , A�x; p1� a1�p1� � 0. This implies that on the
mass shell

@f1�x; p1�
@p1

dp1 � 0 , @A�x; p1�
@p1

dp1 a1�p1� � A�x; p1�
@a1�p1�
@p1

dp1 � 0 :

�106�

Since A�x; p� is a symmetric matrix we have also �a1�p1���A�x; p1� � 0. Therefore

the right-hand-condition gives �a1�p1��� @A�x; p1�
@p1

a��p1� dp1 � 0. Because p1 is the only

independent variable and @f1�x; p1�
@p1

dp1 � 0 as well as �a1�p1��� @A�p1�
@p1

a1�p�� dp1 � 0

are scalar conditions which hold on the mass shell Eÿ f1�p1; x� � 0, it follows

Ch. BordeÂ and C. LaÈmmerzahl, Atomic interferometry: the beam splitting 109



that
rpf1�x; p1� � �a1�p1��� rpA�x; p1� a1�p1� : �107�

The same is true for the second mass shell Eÿ f2�x; p2� � 0.1
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1 We can verify this explicitly in our case. We choose E � f1�x; p� and get with

A�x; p� � y�x; p� ÿ
�������������������������
1� y2�x; p�

p
ÿ1

ÿ1 ÿy�x; p� ÿ �������������������������
1� y2�x; p�p !

�108�

@A�x; p�
@p

�
@H�x; p� �hk�

@p 0

0
@H�x; p�

@p

0B@
1CA �109�

and the solution a from (15) that indeed a�1 � p� @A�x; p�
@p a1�p� is proportional to (27).






